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0. Introduction 
In [1] and [2] Fontana, Huckaba, and Papick characterize the divisorial prime 
ideals in a Prfifer domain. The purpose of this paper is to extend their results to 
Prfifer v-multiplication domains (defined below). This seems worthwhile for several 
reasons. First, although in the end our characterizations are essentially the same as 
theirs, a number of lemmas, interesting in their own right, had to be proved in order 
to yield the characterizations. Moreover, the class of Priifer v-multiplication do- 
mains (PVMD's) is much larger than the class of Prfifer domains. For example, 
Prfifer domains, Krull domains, and GCD domains are PVMD's; and, if R is a 
PVMD, then so is R[X]. Finally, PVMD's have received a good deal of attention 
in the literature recently. See for example, [5], [9], [10], and [11]. 
We begin by reviewing the v- and t-operations on an arbitrary integral domain 
R. For a nonzero fractional ideal I of R, Iv is defined to be (1-1)-1 and I t = ~ Jv, 
the union being taken over all finitely generated subideals J of I. The v- and t- 
operations are examples of star operations; the reader is referred to [3, Sections 32 
and 34] or to [8] for details. One fact which we shall use frequently is that (IJ)v = 
(IvJ)v (and (IJ)t = (ItJ)t), where/, J are nonzero fractional ideals in a domain. This 
is [3, Proposition 32.2(c)]. A fractional ideal I with the property that I--Iv (respec- 
tively, I=  It) is said to be divisorial or a v-ideal (respectively, a t-ideal). We shall 
refer to a prime t-ideal as a t-prime. It is easily shown that ideals maximal with 
respect o being t-ideals are prime, and we shall refer to these as maximal t-primes. 
Also, it is well known that R -  ~R M, the intersection being taken over the maxi- 
mal t-primes [4, Proposition 4]. Finally, a v-ideal I is said to be of finite type if 
I= Jv for some finitely generated ideal J. 
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A domain R is said to be a PVMD if the finite-type v-ideals of R form a group 
under v-multiplication, that is, if for each nonzero finitely generated fractional ideal 
I of R there is a finitely generated fractional ideal J of R such that (IJ)v =R. 
Equivalently, R is a PVMD if every finite-type v-ideal I is t-invertible ((H- 1 )t = R). 
We collect several facts about PVMD's in the following result. 
Proposition 0.1. Let R be an integral domain. Then the following statements are 
equivalent. 
(1) R is a PVMD. 
(2) RM is a valuation domain for each maximal t-prime M. 
(3) R is integrally closed and each nonzero prime ideal Q of  R[X] with QOR =0 
contains an element f with cR(f)v=R. (Here, cR(f) denotes the ideal of R 
generated by the coefficients of f .)  
Furthermore, if R is a PVMD, then (a) every conductor ( =R : u for some u in the 
quotient field of  R) is a v-ideal o f finite type, and (b) I t = A {IRM I M is a maximal 
t-prime} for every nonzero fractional ideal I of R. 
Proof. The equivalence (1)¢~(2) is due to Griffin [4, Theorem 5]. Proofs of the 
equivalences (1)¢~ (2)¢, (3) may be found in [5, Theorem 1.1]. Statement (a) follows 
from [11, Lemma 8]. Statement (b) is true for finitely generated ideals I by [3, 
Proposition 44.13]. For arbitrary I, if J _  I is finitely generated, then Jv = Jt = 
~JRMc_ ~IRM, whence It c_ NIRM. The reverse containment is true in general -
see the proof of [4, Proposition 4]. 
We now give a brief description of our results. For the remainder of  this paper, 
R will denote a P VMD and K will denote its quotient field. In Section I we develop 
several facts concerning nonzero t-primes in R. We begin with a useful formula for 
p - l ,  where P is a nonzero, nonmaximal t-prime of R. A byproduct of this formula 
is that P-I  is a ring and P is a prime ideal of p- l .  We also discuss facts about the 
powers of P and find that we must take (pn)t instead of P". Finally, we produce 
a formula for T(P), the transform of P. 
In the second section, we characterize divisoriality. For maximal t-primes M, we 
show that M is divisorial ¢~ M is t-invertible ¢, (M n)t is divisorial for each n _> 1. For 
nonmaximal t-primes P, we show that P is divisorial~either p- l~T(p)  or 
P-R :  T(P). Also, (Pn) t is divisorial for each n_> l¢~(pE)t is divisorialc, either 
p-I ~ T(P) or  P=Pv =(PE)t. 
It should be pointed out that, although our characterizations always assume that 
the ideal in question is a t-ideal, there is no loss of generality, since every divisorial 
ideal is a t-ideal. 
1. t-primes in PVMD's 
We reiterate that R denotes a PVMD. Also, if P is a prime ideal of R, we shall 
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set S= ARM, where the intersection is taken over all maximal t-primes which do 
not contain P. For example, if P is contained in every maximal t-prime, then S =K, 
the quotient field of R. 
Proposition 1.1 (cf. [6, Theorem 3.2]). I f  P is a nonzero, nonmaximal t-prime of  
R, then p-1 =Rpf)S. 
Proof. If xeRt ,  OS and a~P, but xa~R, then by [4, Proposition 4] xa¢R N for 
some maximal t-ideal N of R. Since x e S, P_  N. Hence (xa)-l ~ RN C_ Rp and 
a-~=x(xa)-~Rp, a contradiction. Thus RpnScP  -l. It is easy to see that 
p -  ~ ___ S. To show that P -  1 C Rp, let y ~ P -  1 and set I = R" y, the conductor of y to 
R. We shall show that ITgP. If Ic_P, then P=I, and P is a finite-type v-ideal, say 
P = Jv, with J finitely generated. Then if M is a maximal t-ideal with P c_ M, we 
have PRM=JvRM C_ (JvRM) ~ =(JRM) ~ =JRM, where ~ denotes the v-operation on 
RM, and the middle equality follows from [11, Lemma 4]. Thus PRM =JRM is a 
principal, nonmaximal prime ideal in a valuation domain, an impossibility. 
Therefore, I c_ P, as claimed. 
Proposition 1.2 (cf. [1, Lemma 3.0]). I f  P & a nonzero, nonmaximal t-prime of R, 
then p-i  =p :gp, and P is a prime ideal of  the ring p- I  
Proof. Since p-I =R,oNS is a subring of K, p-1 =P:KP by [6, Proposition 2.3]. 
Now let x,y ~ p-1 and xy ~ P. I f / ,  J denote the respective conductors of x, y to R, 
then (II- 1 )v = (J J -  1 )v = R. Since Ix c R, Jy c_ R and Ix. Jy c_ P, we may assume that 
Ixc_P. Then xe(I- l I)v.X=(I-1IX)v c_(I-Ip)v. Since 1-1 c_P -1 (since Pc  I), this 
gives (I-IP)v _ (P-IP)v--Pv -R .  If x e P there is nothing left to prove. Otherwise, 
the containment x. Jy c_ P implies that Jy c_ P, whence, as above, y e Pv c_ R. Thus 
x and y are both in R, and the result follows easily. 
Proposition 1.3. I f  P is a nonzero t-prime of R, then 
(1) PnRp=(Pn)tRp for each n>_ 1. 
(2) (P")t is P-primary, and (Pn)t =pnRpNR, the nth symbolic power of  P, for 
each n >_ 1. 
(3) I f  P:C:(pE)t, then {(pn)t } is the set of  P-primary ideals of  R. 
(4) P0 = ~ (Pn)t is a prime ideal of  R. 
Remark. This constitutes part of the PVMD analogue of [3, Theorem 23.3]. The 
other parts of [3, Theorem 23.3] also have counterparts for PVMD's. Since they are 
not central to the thrust of this paper, we omit the details. 
Proof. Let J be finitely generated, with Jc_ P". As in the proof of Proposition 1.1, 
it can be shown that JvRp c_ pnRp, whence (Pn)tR p C_ pnRp. This proves (1). Now 
let xy ~ (Pn)t , x~ P. We shall show that y ~ (Pn)tR M = pnR M for each maximal t- 
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ideal M. If Pg~M, this is clear. If Pc_M, it follows from the fact that pnR m is 
PRm-primary. That (Pn)t=pnRpNR now follows from the fact that (Pn)t is P- 
primary. Statement (3) follows by localizing at P. Finally, 
P°= ~(Pn)t = A (pnRpNR)= (r')PnRP) n 
Since Rp is a valuation domain, ~ .  pnRp is prime, and statement (4) follows. 
We present an example to demonstrate the necessity of taking t's in the result 
above. 
Example 1.4. Let X, Y,Z be indeterminates over a field k, and let R-  
k[X, Y, Z ] / (XY-Z  2) be the example [7, Example 7]. Then R is a 2-dimensional 
Noetherian Krull domain (hence a PMVD). As in [7, Example 7], let x, y, z denote the 
respective images of X, Y, Z in R, and put M = (x, y, z), P = (x, z). Since R is a Krull 
domain, P is a maximal t-ideal [3, Corollary 44.8]. However, p2= (x 2, xZ, Z 2) = 
xM (since z 2 = xy), so that for each n _> 1, pEn = xnM, while (pEn)t = xnMt = xnR" In 
particular, pEn is not P-primary. 
Before stating the next result, we recall the ideal transform. If I is an ideal of R, 
this is the R-module T(I)= Un R :KI n. We shall often write I -n for R :KI n. 
In case R is a Priifer domain, our next result follows from [3, Exercise 11, p. 331]. 
Proposition 1.5. I f  P is a nonzero, nonmaximal t-prime of R, then T(P)=R& NS, 
where S and Po are defined as above. 
Proof. If P=Po, then T(P)=P -1, and the result follows from Proposition 1.1. 
Assume P#:Po. By localizing at P, one sees that(Pn)tDP0 for each n. Thus 
p-n = ((pn)t)-I C_ RP0. Hence T(P) c RPo. Of course, T(P) c S. On the other hand, 
if x ~ T(P) but x e S, then for each n there exists an ~ pn with anx ~. R. This gives 
anx~.RM for some maximal t-ideal M~_P. Thus (anx)-leRMC_Rp, whence 
x-1 ~ pnRp" Hence x-1 E ~')n pnRp = PoRe c_ PoRpo, and x ~ Rpo, as desired. 
We conclude this section by showing that the ring p-1 of Proposition 1.1 is a 
PVMD. 
Proposition 1.6. Let A be an integrally closed overring of  R, and assume that 
whenever I is a finitely generated ideal of  R with 1-1 =R, then the inverse of  lA 
with respect o A is A. Then A is a PVMD. In particular, i f  P is a nonzero, non- 
maximal t-prime of R, then p- i  is a PVMD. 
Proof. By Proposition 0.1, if Q is a nonzero prime ideal of A [x] with Q NA ¢ 0, then 
there is an element feQNR[x]  with c8(f) -l =R. By assumption, the inverse of 
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cR(f) =cA(f)  with respect to A is A, so that, again by Proposition 0.1, A is a 
pVMD. For the second assertion, first note that P-~ is integrally closed by Pro- 
position 1.1. Now suppose that I is a finitely generated ideal of R with 1-1 =R. If 
u(IP-1) c_ P -  l, then ulP c_ R, so that uP = ulvP c_ (ulP)v c_ R. This implies that 
u~p -~. Therefore, the inverse of IP -1 with respect o p-1 is P-1. 
2. Divisoriality in R 
We begin by characterizing divisorial maximal t-primes. 
Proposition 2.1. I f  M is a maximal t-prime of  R, then the following statements are 
equivalent. 
(1) M is divisorial. 
(2) M -1 ~R. 
(3) M is a finite-type t-ideaL 
(4) M is t-invertible. 
(5) (M n)t is divisorial for  each n >_ 1. 
Proof. (1)=(2), (3)¢~(4), (5)=(1)are clear. 
(2) = (3). For any u e M -1 -  R, M is the conductor of u and therefore has finite 
type. 
(3) = (5). Let M = I t, I finitely generated. Then (M n)t = ((It) n)t = ( In)v, since I n is 
finitely generated. 
Proposition 2.2 (cf. [1, Theorem 2.11). Zf P is a nonzero, nonmaximal t-prime of  
R and P -  l :/: S (see Proposition 1.1), then P is divisoriaL 
Proof. Choose xeS-P  -~ and let I=R :x. Then Ig~M for each maximal t-prime 
not containing P, but by Proposition 1.1, I c P. Suppose a e R - P and let M be a 
maximal t-prime. If PffgM, then PRM=RM=IRM=(I,a)RM. If PC_M, then 
PRM c_ aR M since RM is a valuation domain and a ¢ P. It follows that Pv c_ (I, a)v. 
Now let M be a fixed maximal t-prime with P _c M. Then, since I has finite type, 
and since we may take aeM,  Pv-(I ,a)vC-M- Thus, if bePv-P ,  then 
Pv = (I, b)v = (/, b E)v. Localizing at M produces the contradiction that b ~ bERM . 
Hence P is divisorial. 
Proposition 2.3 (cf. [1, Theorem 3.11). I f  P is a nonzero, nonmaximal t-prime of  
R with P-~ =/: T(P); then p-n is not a ring for  n>_2, P is a t-invertible maximal t- 
prime of  P- l ,  and P is divisorial in R. 
Proof. Let xeP  -n, n>_2. If p-n is a ring, then XnEp -n, SO that (xp)nC_R. Since 
R is integrally closed, this yields xPc_R and x~P -l. It follows that p - i  =p-n, a 
contradiction. 
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For the second assertion, note that (P- l )p ~_ Rp. Thus (P- !)p is a valuation do- 
main and P is a t-prime of p-1. Now p - l  is a PVMD, and if P is not a maximal 
t-prime of p - l ,  then by Proposition 1.1, p-2, which is the inverse of P with respect 
to p - l ,  is a ring, a contradiction. Therefore, P is a maximal t-prime of p - l ,  and 
since p-2=/:p-l, p is t-invertible as an ideal of p - l  by Proposition 2.1. 
Of course, divisoriality of P in R follows from Proposition 2.1 and the fact that 
T(P) c_ S (Proposition 1.5). For an alternate proof, note that Pv is an ideal of p-1 
and that p-2  is the inverse of Pv with respect o p - l .  Since p-2 properly contains 
p-1 and P is a maximal t-ideal of p - l ,  this yields P= Pv- 
Lemma 2.4. I f  P is a nonzero, nonmaximal t-prime of  R, and i f  t denotes the t- 
operation on p- l ,  then (Pn)~=(Pn)t for each n> 1. 
Proof. By Proposition 1.3, (Pn)[=Pn(P-1)pNP-1. Since p-I =RpOSC_Rp, we 
have Rp = (P- 1 )p. Moreover, (P")[ c_ P c_ R, so that (pn)i = pnRp (3 R = (P")t. 
Proposition 2.5. I f  P & a nonzero, nonmaximal t-prime of R with p-1 :/= T(P), then 
(pn)t is divisorial for  each n >_ 1. 
Proof. By Proposition 2.3, P is a t-invertible maximal t-prime of the PVMD p- l ,  
and P is divisorial in R. Also, the inverse of pn-1 with respect to p-1 is P-".  
Hence by Proposition 2.1, (pn-lp:-n)[=p-l. NOW 
(Pn)vP-n C_ (PnP-n)v = (P. Pn- t P-n)v C_ (pp-I  )v = P. 
Thus (P")vP-"P "- 1 C_ P. pn- l  =pn, whence 
(Pn)v = (Pn)v P - I  = (pn)v(P-npn- l ) ' i  C_C_ (pn)~ = (pn)t '
as desired. 
We have laid the groundwork for our characterizations of divisorial t-primes. As 
in [2] we state three separate results. The proofs now require only minor modifica- 
tions of those in [2]; we include brief proofs for the sake of completeness. 
Proposition 2.6 (cf. [2, Proposition 7]). I f  P is a nonzero t-prime of  R with P:/: 
(P2)t, then the following statements are equivalent. 
(1) P = (pn)v for each n >_ 1. 
(2) P is divisorial and (p2)tg:(p2)v. 
(3) PCP-  l = T(P) and T(P) -l =P. 
Proof. (1) ~ (2). Clear. 
(2) = (3). Certainly, R ff p- l .  By Proposition 2.1, P is a nonmaximal t-prime, so 
that p - l=  T(P) by Proposition 2.5. Clearly, then, T(P) -1 =P. 
(3)=(1) For each n we have that (Pn)v=Pv=P since P= T(P) -1 is divisorial. 
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Theorem 2.7 (cf. [2, Theorem 8]). I f  P is a nonzero t-prime of R, then the following 
statements are equivalent. 
(1) (pn)t is divisorial for each n>_ 1. 
(2) R : T(P)= Po. 
(3) (p2)t = (P2)v. 
(4) Either P-~ ~: T(P) or P=Pv =(P2)t. 
Proof. (1)=(2). It is easy to see that R:T(P)= N(Pn)v. Hence (1)=(2). 
(2) = (3). In case P is a maximal t-prime, p-1 ~R, since T(P):#R, and statement 
(3) follows from Proposition 2.1. Also, if p - l=  T(P), then Po=R:T(P)= 
R : P-~ =Pv, whence P= (P2)t = (p2)v" Finally, if P is a nonmaximal t-prime with 
p- l~  T(P), then (3) follows from Proposition 2.5. 
(3) = (4). Assume that p - l=  T(P). Then p - l=  p-2  and Pv = (p2)v = (p2)t c_ P. 
(4)=(1). This is clear from Propositions 2.1 and 2.5. 
Proposition 2.8 (cf. [2, Proposition 9]). Let P be a nonzero t-prime of R. Then P 
is divisorialc*either p- l  ~ T(P) or P=R" T(P). In case P=R" T(P) we also have 
P=(p2)v. 
Proof. If P is divisorial and P -  l = T(P), then P = Pv = T(P)-1 = R" T(P). Also, 
since P-l  = p-2, p = Pv = (p2)v. 
Conversely, if p - i  ~ T(P), P is divisorial by Theorem 2.7. If P=R" T(P), then 
P= T(P)-I, so P is divisorial. 
Our final result discusses the relationship between P0 and P in one case. 
Proposition 2.9. I f  P is a nonzero, nonmaximal t-prime with P-i  = T(P)4: S, then 
P is divisorial and Po = P. 
Proof. P is divisorial by Proposition 2.2. Since RpoO S = T(P):/: S, Rpo~K, so that 
P0~:0. Claim: .Z! =./~, where ,# is the set of maximal t-primes not containing P
and 4 is the set of maximal t-primes not containing P0- To verify this, suppose M 
is a maximal t-prime with PggM. Pick ueS-P  -1 and let I=R:u .  Then u~Rp, 
and, since P- I=T(P)=RpoNS , u~Rpo. Hence Ic_P o. However, I~M,  whence 
Po~gM. This proves the claim. It follows that 
P-I= T(P)=RpoNS=Rpof'I(N9 RN)=pol ,
so that P=Pv = (P0)v- It now suffices to show that P0 is divisorial. This follows 
from Proposition 2.2, since/Do I =p- i  :¢S= ~Ne~RN.  
Remark. The situation described in Proposition 2.9 can actually occur. Let R be a 
valuation domain containing a nonmaximal, unbranched prime P. Then S = K, the 
quotient field of R, while P=P2,  so that p - l=  T(P). 
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